(1)
where 10 = 2.82 X 10-15 m is the classical electron/positron radius, c is the speed of light, v is the relative velocity of two electrons or positrons, q is the velocity, divided by c, of each electron or positron in the center-of-mass of the pair, and, = 1/)1 -v 2 /c 2 is the relativistic factor. 5px is the standard deviation of the Gaussian distribution of the radial components of the momentum px' The lower limit corresponds to the rf bucket half-height, because ~Pr f / Po = ~Pr f /" since the momentum of the synchronous particle Po is written in units of moc. For relativistic particles we have po = mo,v / moc ~ ,.
We introduce the following change of variables 
with trf given in Eq. (3). Here N is the number of positrons per bunch, V is the bunch volume, and TnT is the normal Touschek lifetime. Normal Touschek lifetime increases as the coupling coefficient gets larger. However, if one includes horizontal oscillations, which occur in the dispersive region, an increased coupling coefficient can lead to vertical oscillation, which may exceed the normally small vertical apertures. When one includes this effect, one sees that increased coupling leads to decreased lifetime. Our results indeed bear this out.
Next we suppose a bunch travels in the dispersive region of the storage ring and loses energy ~pdpo. This produces a horizontal betatron displacement and its derivative, which are given in terms of the dispersion function 'fj and its derivative 'fjf as and x' = 'fjf(~Pl).
Po (6)
This displacement and slope leads to the Courant-Snyder invariant (7) where 1{ is the so-called Sands factor [3] . The function 1t is shown in Fig. 1 for the APS half-sector of total length L = 13.8 m. Then the coupling coefficient X is the ratio of the Courant-Snyder invariants Wy/W x • The maximum Wy is determined by the vertical admittance, Ay (8) where a is the vertical half-aperture at the center of the insertion region and fly is the vertical beta function at the center of the insertion region. For the present study, fly = 10 m, the value at insertion of the APS storage ring, and a is assumed to be 2 mm, 3 mm, and 4 mm. Combining Eqs. (7) and (8) we obtain 
In this equation EO is the smaller of either El or ErJ. The lower limit in Eq. (11) depends on the Twiss parameters, dispersion and its derivative (through 1t), the coupling coefficient X, and the vertical half-aperture a. It is the task of this article to examine the extended Touschek lifetime and to calculate its influence on the total beam lifetime.
Section 3:
The method of calculation.
The extended Touschek integral in Eq. (ll) together with the lower limit in Eq. (10) are evaluated using the code ZAP, which is modified for this purpose. ZAP has the option of calculating the normal Touschek lifetime or the extended Touschek lifetime. If the latter option is used, the code asks the user to input the value of the vertical half-aperture a in mm, followed by the value of fly, the vertical beta function at the center of the insertion reg !On In m.
The main difference between the routine on the extended Touschek lifetime and the routine on the normal Touschek lifetime is that the former also treats betatron oscillations produced in the dispersive region. The dispersive region is typified by the non-zero Sands factor 1t. If 1{ = 0, the lower limit will be tr! and Eq. (ll) will be identical with Eq. (5), the normal Touschek lifetime.
On the other hand, if 1i i-0, then ZAP calculates the lower limit due to betatron oscillations produced in the dispersive region via Eqs. (9) for an rf bucket half-height of 2.8% and rms bunch lengths of 2 cm and 1 em, respectively.
IThe rms buneh length is assumed to be 1 em and 2 em.
Figures 4 and 5 show the extended Touschek lifetime calculation for an rf bucket half-height of 2% and rms bunch lengths of 2 cm and 1 em, respectively. The normal Touschek lifetime is included for comparison.
The numbers in the legends of the figures refer to the vertical half-aperture a and are used to calculate the lower limit of the extended Touschek lifetime integral in Eq. (9). The normal Touschek lifetime (marked as "normal Touschek" in the figures' legends) is calculated for each coupling coefficient by using the appropriate energy loss corresponding to the appropriate bucket half-height, as spelled out in the parameters at the end of Section 3.
Obviously, both the extended and the normal Touschek lifetimes are greatest for 2-cm rms bunch length and for 0.028 rf bucket half-height, as seen in Fig. 2 . On the other hand, these lifetimes are smallest for 0.02 rf bucket half-height and an rms bunch length of 1 cm, as seen in Fig. 5 .
Of more practical interest is the total beam lifetime. In general, the total beam lifetime is the inverse of the sum of the inverses of residual gas and Touschek lifetimes. For a fixed coupling coefficient X, the difference between Ttot-nT and Ttot-eT is called the discrepancy, which quantifies the influence of oscillations in the dispersive region. The discrepancy increases with increasing coupling and decreasing vertical half-aperture, for fixed beam cun;ent, fixed rms bunch length, and fixed rf bucket half-height. The discrepancy also incre~ses with decreasing rms bunch length if all other parameters are kept fixed. This is seen from Figs. 6 and 7 on one hand, and Figs. 8 and 9 on the other.
From the graphs of the total beam lifetime it can be seen that the largest discrepancy occurs for higher bucket half-height, lower rms bunch length, lower vertical half-aperture, and higher coupling. Such a case occurs in Fig. 7 ; for 2.8% rf bucket half-height, I-em rms bunch length, 2-mm vertical half-aperture, and 100% coupling, the discrepancy between Ttot-nT and Ttot-eT is about 6 hours. This is a large enough number to be observed, particularly since the total lifetime with normal Touschek scattering is about 18 hours in this case. This is a somewhat extreme case, since it appears unlikely that we will use such a high coupling. For the case of Fig. 7 , however, even smaller coupling coefficients experience noticeable discrepancy. For 30% coupling coefficient, the discrepancy turns out to be about 2 hours. This corresponds to the total lifetime with normal Touschek scattering of about 17.86 hours. We should be able to see that.
As we stated at the beginning of this article, the influence of betatron oscillations in the dispersive region may cause the total lifetime to slip below the prescribed minimum lifetime for optimum storage ring operation, or come perilously close to doing so. This can happen even for pressures as low as 1 nTorr if the rf bucket half-height, the rms bunch length, and the vertical half-aperture are small enough and the coupling coefficient is large enough. In Fig. 9 , we have such a case. For 2-mm vertical half-aperture and 100% coupling, Ttot-eT is 10.9 hours, while Ttot-nT is 15.52 hours. (Recall that the minimum lifetime for optimum operation of the APS storage ring is 10 hours.) For a pressure of just 1.2 nTorr, the residualgas lifetime is about 15.66 hours and the extended Touschek lifetime is about 26 hours, which means that the total beam lifetime is, from Eq. (15), 9.51 hours. The inescapable conclusion is: under certain conditions, inclusion of betatron oscillations in the dispersive region may cause the total beam lifetime to become quite small, even at low pressures. With higher pressures the situation can only get worse, because the residual-gas lifetime will be correspondingly lower. In such a case, not only bunches having very high coupling, but even bunches of lower coupling may be affected.
On the other side of the scale, the lowest discrepancy occurs for lower bucket half-height, higher rms bunch length, higher vertical half-aperture, and lower coupling. Such a case occurs in Fig. 8 ; for 2% rf bucket half-height, 2-cm rms bunch length, 4-mm vertical halfaperture, and 40% coupling, the discrepancy between Ttot-nT and Ttot-eT is about 0.006 hours. Given the fact that the calculated total lifetime with normal Touschek scattering is about 17 hours, the discrepancy is truly negligible.
Section 5:
Conclusion and acknowledgments.
Inclusion of betatron oscillations in the dispersive region when calculating the total beam lifetime is not generally considered in the theory. It should be. As we have seen, consideration of such oscillations becomes of some importance for lower vertical half-apertures, higher coupling coefficients, higher rf bucket half-heights and lower rms bunch lengths.
The author wishes to thank Dr. Glenn A. Decker for suggesting this problem and Dr. Edwin A. Crosbie for assistance and valuable discussions. 
